
Math 8440

Problem Set 2 Due Friday, September 25

Instructions. Turn in at least 30 points’ worth of problems.

Problem 1. multiplicative functions and Bell series (10 points) Let 𝑝 be a prime. A 𝑝-Bell series is a formal 
Dirichlet series (element of Dir(C)) of the form

1 + 𝑎𝑝𝑝−𝑠 + 𝑎𝑝2𝑝−2𝑠 + 𝑎𝑝3𝑝−3𝑠 + ⋯ = ∑
𝑘≥0

𝑎𝑝𝑘𝑝
−𝑘𝑠 ,

where each 𝑎𝑝𝑘  is a complex number.

(a) Show that if 𝐴𝑝(𝑠) is a 𝑝-Bell series, then 𝐴𝑝(𝑠)−1 exists and is also a 𝑝-Bell series.

(b) Suppose 𝐹𝑝(𝑠) is a 𝑝-Bell series for every prime number 𝑝. Prove that ∏𝑝 𝐹𝑝(𝑠) converges in Dir(C).

Recall that Dir(C) is a metric space with respect to the “eventual coincide-ence” metric discussed in class: 
𝑑(𝐴(𝑠), 𝐵(𝑠)) = 2−𝑛 if 𝑛−𝑠 is the first place the coefficients of 𝐴 and 𝐵 differ, and 0 if 𝐴(𝑠) = 𝐵(𝑠).

(c) Prove that the arithmetic function 𝑓  is multiplicative if and only if ∑𝑛≥1 𝑓 (𝑛)𝑛−𝑠 = ∏𝑝 𝐹𝑝(𝑠) for 
some choice of 𝑝-Bell series 𝐹𝑝(𝑠) (for every prime 𝑝).

(d) Let 𝑓 , 𝑔, ℎ be arithmetic functions, and put 𝐹(𝑠) = ∑𝑛≥1 𝑓 (𝑛)𝑛−𝑠 , 𝐺(𝑠) = ∑𝑛≥1 𝑔(𝑛)𝑛−𝑠 , and 𝐻(𝑠) =
∑𝑛≥1 ℎ(𝑛)𝑛−𝑠 . Suppose 𝐹(𝑠)𝐺(𝑠) = 𝐻(𝑠). Prove that if two of 𝑓 , 𝑔, ℎ are multiplicative, then so is the 
third.

Problem 2. (10 points) Fix an integer 𝑘 ≠ 1. Prove that there are infinitely many composite terms in the 
sequence {22

𝑛
+ 𝑘}𝑛≥1.

Hint. First show that the sequence of powers of 2 is eventually periodic mod 𝑝 − 1, for every prime 𝑝, with the 
preperiod length bounded in terms of the exponent of 2 in 𝑝 − 1.

Problem 3. (10 points) For this problem, we let 𝐹𝑛 = 22
𝑛
+ 1 denote the 𝑛th Fermat number, for 𝑛 =

0, 1, 2, 3, …. Let 𝑥 ≥ 10, and let 𝑁 = 𝑁𝑥  be the largest positive integer for which 2𝑁 ≤ √𝑥 .

(a) Show that there is a constant 𝐾  (independent of 𝑥) such that

#{primes 𝑝 ∶ 𝑝 ∣ 𝐹0, 𝐹1, … ,  or 𝐹𝑁 } ≤ 𝐾√𝑥.

First, convince yourself that the number of distinct primes dividing 𝑚 is at most logarithmic in 𝑚.

(b) Show that there is a constant 𝐾 ′ (independent of 𝑥) such that

#{primes 𝑝 ≤ 𝑥 ∶ 𝑝 ∣ 𝐹𝑛 for some 𝑛 > 𝑁 } ≤ 𝐾 ′√𝑥.

Hint. From class, each of the primes counted here is congruent to 1 modulo 2𝑁+2.

(c) Let 𝒫  be the set of primes dividing at least one of 𝐹0, 𝐹1, 𝐹2, …. Show that ∑𝑝∈𝒫
1
𝑝 < ∞.

Hint. From (a) and (b), we have that for every 𝑥 ≥ 10, the number of elements of 𝒫  not exceeding 𝑥  is at 
most 𝐾″√𝑥 , for a certain constant 𝐾″. Now estimate the sum over 𝑝 ∈ 𝒫  by splitting the range of 𝑝 into 
intervals [3, 10) together with [10, 20), [20, 40), [40, 80), ….
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Problem 4. (5 points) Show that 2𝑛 + 78557 is divisible by one of 3, 5, 7, 13, 19, 37, 73 for every positive 
integer 𝑛.

Problem 5. (10 points) Show that there are infinitely many odd numbers 𝑘 that cannot be written in the 
form 𝑝 + 2𝑛, where 𝑝 is prime and 𝑛 is a positive integer.

Hint. This condition on 𝑘 is the same as asking that 𝑘 − 2𝑛 is never prime.

Problem 6. 𝑝-adic absolute values (10 points) Every nonzero 𝑥 ∈ Q has a unique decomposition in the 
form

𝑥 = ±∏
𝑝

𝑝𝑣𝑝(𝑥),

where each 𝑣𝑝(𝑥) ∈ Z and all but finitely many of the 𝑣𝑝(𝑥) are equal to 0. For each prime 𝑝, we set 
|𝑥|𝑝 ∶= 𝑝−𝑣𝑝(𝑥). Extend | ⋅ |𝑝 to all of Q by setting |0|𝑝 ∶= 0. Prove that | ⋅ |𝑝 is an absolute value on Q. That 
is:

(a) |𝑥|𝑝 ≥ 0 for all 𝑥 ∈ Q, with |𝑥|𝑝 = 0 ⟺ 𝑥 = 0,

(b) |𝑥𝑦 |𝑝 = |𝑥|𝑝 |𝑦 |𝑝 for all 𝑥, 𝑦 ∈ Q,

(c) |𝑥 + 𝑦|𝑝 ≤ |𝑥|𝑝 + |𝑦|𝑝 .

Prove that in fact

(c′) |𝑥 + 𝑦|𝑝 ≤ max{|𝑥|𝑝 , |𝑦 |𝑝}, with equality whenever |𝑥|𝑝 ≠ |𝑦|𝑝 .

It can be shown that every nontrivial absolute value on Q is equivalent to either the usual absolute value or one 
of the 𝑝-adic absolute values | ⋅ |𝑝 (Ostrowski’s theorem).

Problem 7. partial summation, à la Riemann–Stieltjes (10 points) Let 𝑥 ≥ 1. Let {𝑎𝑛} be a sequence of 
real numbers, defined for all positive integers 𝑛 ≤ 𝑥 , and let 𝑓  be a 𝐶1 function on [1, 𝑥]. For each real 𝑡 , 
put 𝑆(𝑡) = ∑𝑛≤𝑡 𝑎𝑛. (As in class, sums over integers are assumed to be sums over positive integers, and so 
the condition on 𝑛 is that 1 ≤ 𝑛 ≤ 𝑡 .) Show that

∑
𝑛≤𝑥

𝑎𝑛𝑓 (𝑛) = 𝑆(⌊𝑥⌋)𝑓 (⌊𝑥⌋) − ∫
⌊𝑥⌋

1
𝑆(𝑡)𝑓 ′(𝑡) d𝑡

= 𝑆(𝑥)𝑓 (𝑥) − ∫
𝑥

1
𝑆(𝑡)𝑓 ′(𝑡) d𝑡 .

As an application, show that

∑
𝑝≤𝑥

1
𝑝
=

𝜋(𝑥)
𝑥

+ ∫
𝑥

2

𝜋(𝑡)
𝑡2

d𝑡 .

Problem 8. (5 points) Recall that 𝑇 (𝑥) = log⌊𝑥⌋!. Prove that for some positive constant 𝐾  and all 𝑥 ≥ 2,

𝑇 (𝑥) ≥ 𝑥 log 𝑥 − 𝑥 − 𝐾 log 𝑥.

I suggest either applying the proof of the integral test or invoking the partial summation formula you just 
established.
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