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Abstract. Let U(Z/nZ) denote the group of units modulo n. In [11], Pollack proved that
the number W (n) of primes p for which the Sylow p-subgroup of U(Z/nZ) is noncyclic has
normal order

log log n

log log logn
.

These subgroups may be either elementary abelian or non-elementary. It was shown in [8]
that the function Ek(n), which counts noncyclic, elementary abelian Sylow p-subgroups of
U(Z/nZ) of rank k ≥ 2, has normal order

1

k(k − 1)

log logn

log log logn
.

This paper studies non-elementary Sylow p-subgroups of the multiplicative group
U(Z/nZ). We prove that the set of integers n for which there exists a Sylow p-subgroup
of U(Z/nZ) isomorphic to a group of the form Z/pe1Z⊕ · · · ⊕ Z/pekZ, for a fixed partition
e1 ≥ · · · ≥ ek of an integer r with e1 ≥ 2, has asymptotic density zero. We further show that,
for a fixed partition, there is an asymptotic formula for the number of integers n admitting
a Sylow p-subgroup with this structure, which depends only on the number of parts of the
partition, the multiplicities of repeated parts, and the integer r.

1. Introduction

For any positive integer n, we write U(Z/nZ) for the group of units modulo n, also known
as the multiplicative group modulo n. This group has order φ(n), where φ denotes Euler’s
totient function. While many authors have looked at properties of U(Z/nZ), in this paper,
we focus specifically on its Sylow p-subgroups1, which are fundamental in group theory and
number theory. If a prime p divides φ(n), then the multiplicative group modulo n has a
Sylow p-subgroup, which can be either cyclic or noncyclic. A Sylow p-subgroup of order pr is
noncyclic if it is isomorphic to a group F = Z/pe1Z ⊕ · · · ⊕ Z/pekZ where r = e1 + · · ·+ ek
and k ≥ 2.

Several papers have examined the Sylow p-subgroups of the group of units modulo n. Erdős
and Pomerance [3], as well as Murty and Murty [9], independently showed that the function
ω(φ(n)), which counts the total number of Sylow p-subgroups of the group of units modulo n, has
normal order 1

2(log logn)
2. The function W (n), counting the noncyclic Sylow p-subgroups of the

group of units modulo n, has also been studied. In 2021, Pollack [11] showed, using the second-
moment method, that this function has normal order log log n/ log log log n. Similarly, in [8], the
authors study the function EF (n), which counts the Sylow p-subgroups of the multiplicative
group modulo n that are isomorphic to a group of the form F = Z/pe1Z ⊕ · · · ⊕ Z/pekZ,
where e1 ≥ · · · ≥ ek are positive integers. They showed that the normal order of EF (n) is

1
k(k−1)

log logn
log log logn when e1 = · · · = ek = 1. Other statistical questions related to the structure of

multiplicative groups are addressed in [1, 2, 7, 6, 12].
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1Let G be a finite group and p a prime. A subgroup H of G is called a Sylow p-subgroup if |H| = ps and s

is maximal; equivalently, if K is any p-subgroup of G with |K| = pt, then t ≤ s.
1
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Since
∞∑
k=2

1

k(k − 1)
= 1,

it follows that, if we sum the normal orders of all functions EF (n) with e1 = · · · = ek = 1,
we obtain the normal order of W (n). This suggests that the typical size of EF (n) when
e1 ≥ 2 should be o

(
log logn

log log logn

)
. Indeed, in this work, we will show that for any F =

Z/pe1Z ⊕ · · · ⊕ Z/pekZ with e1 ≥ 2, the set of positive integers n such that EF (n) > 0 has
asymptotic density zero. Specifically, we prove the following theorem.

Theorem 1.1. Let F = Z/pe1Z⊕ · · · ⊕ Z/pekZ where e1 ≥ · · · ≥ ek are positive integers
with e1 ≥ 2. Then

#{n ≤ x : EF (n) > 0} ∼
(

(r − 2)!

|A1|! · · · |Ae1 |!

)
x

log3 x(log2 x)
r−k−1

,

where r = e1 + · · ·+ ek and Aα = {i ∈ {1, . . . , k} : ei = α}.

Example. To illustrate the result of Theorem 1.1, consider the following example. Let

F = Z/p7Z⊕ Z/p5Z⊕ Z/p5Z⊕ Z/p5Z⊕ Z/pZ⊕ Z/pZ.
In this case, k = 6 and r = 7+5+5+5+1+1 = 24. Moreover, |A7| = 1, |A5| = 3, |A1| = 2,
whereas |Aα| = 0 for α ∈ {2, 3, 4, 6}. Consequently, Theorem 1.1 implies that

#{n ≤ x : EF (n) > 0} ∼ (24− 2)!

2! 3! 1!

x

log3 x (log2 x)
24−6−1

=
22!

12

x

log3 x (log2 x)
17
.

This result shows, in particular, how the parameters r and k affect the asymptotic order of
the proportion of positive integers n ≤ x for which some Sylow p-subgroup of U(Z/nZ) is
isomorphic to F . Among groups with the same value of k, a larger value of r makes such
integers n less frequent. On the other hand, among groups with the same value of r, a larger
value of k makes such integers more frequent. Finally, for fixed r and k, repeated entries in the
sequence e1, . . . , ek also affect the asymptotic formula: the larger the product

∏e1
α=1 |Aα|!, the

less frequent such integers n become.

Notation

The letters ℓ, p, and q (possibly with subscripts or other decorations) are always reserved
for primes. We write logk for the k-fold iterated natural logarithm. We use 1C for the indicator
function of the condition C; for example, 1d|n takes the value 1 when d | n and the value 0
otherwise. Implied constants are usually absolute, but in proofs involving a fixed parameter A
we allow such constants to depend on A.

2. Lemmata

One of the key facts used in this research is Gauss’s lemma on the structure of the group
of units modulo n.

Lemma 2.1. Let n be a positive integer, and write n =
∏

p|n p
vp. Then U(Z/nZ) ∼=∏

p|n U(Z/pvpZ). If p is odd or if vp ≤ 2, then U(Z/pvpZ) ∼= Z/φ(pvp)Z. If p = 2 and v2 ≥ 3,
we have U(Z/2v2Z) ∼= Z/2v2−2Z⊕ Z/2Z.

For our estimates when proving Theorem 1.1, we will use the following variant of the
Fundamental Lemma of Sieve Theory [4, p. 209, thm. 7.2].

Lemma 2.2. Let x ≥ z ≥ 2. If P is any set of primes not exceeding z, then

#{n ≤ x : p ∤ n for every p ∈ P} =

x
∏
p∈P

(
1− 1

p

)(1 +O(e−u/2)
)
,
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where u = log x
log z .

The following result, obtained independently by Pomerance and Norton [13, 10], will also
be useful.

Lemma 2.3. Let m be a positive integer, and let x ≥ 3. Put

S(x;m) =
∑
ℓ≤x

ℓ≡1 (mod m)

1

ℓ
.

Then

S(x;m) =
log2 x

φ(m)
+O

(
log(2m)

φ(m)

)
.

3. Preparation for the Proof of Theorem 1.1

Throughout this section and the next, write

r = e1 + · · ·+ ek, y = x1/(2 log3 x).

Also put

z1 =
log2 x

log((log2 x)
r)
, z2 = log2 x log3 x.

We first translate the condition that the Sylow p-subgroup of U(Z/nZ) is isomorphic to
F = Z/pe1Z⊕ · · · ⊕ Z/pekZ. By Lemma 2.1, for odd p, this happens if and only if one of the
following two conditions holds.

(I) We have p2 ∤ n, and n satisfies the following k-prime condition: there are k distinct
primes q1, . . . , qk dividing n which are congruent to 1 (mod p), and furthermore, for
each i ∈ {1, . . . , k}

qi ≡ 1 (mod pei), qi ̸≡ 1 (mod pei+1).

In addition, there are no other primes congruent to 1 (mod p) dividing n besides
these q1, . . . , qk.

(II) There is an index i ∈ {1, . . . , k} such that pei+1∥n, and there are k−1 distinct primes
qj dividing n which are congruent to 1 (mod p), indexed by j ∈ {1, . . . , k}\{i}, such
that

qj ≡ 1 (mod pej ), qj ̸≡ 1 (mod pej+1).

Furthermore, there are no other primes congruent to 1 (mod p) dividing n besides
these {qj}j∈{1,...,k}\{i}.

When p = 2, this description must be modified because of the exceptional structure of
U(Z/2aZ). If ek ̸= 1, the Sylow 2-subgroup of U(Z/nZ) is isomorphic to F if and only if
condition (I) holds. If ek = 1, it is isomorphic to F if and only if one of the following holds:
condition (I), condition (II) with p = 2 and ei = 1, or condition (III).

(III) There is an index i ∈ {1, . . . , k − 1} such that 2ei+2∥n, and there are k − 2 distinct
primes qj | n, indexed by j ∈ {1, . . . , k − 1} \ {i}, such that

qj ≡ 1 (mod 2ej ), qj ̸≡ 1 (mod 2ej+1).

Moreover, there are no other primes congruent to 1 (mod 2) dividing n besides these
{qj}j∈{1,...,k−1}\{i}.

In the remainder of the paper, we will refer to the k-prime condition specified in case (I)
above as the main k-prime configuration or the main k-prime condition. The reason for this is
that, as we will see later, the main contribution comes precisely from such integers n.
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Now define ẼF (n) to count only the primes p in the range I = (z1, z2] for which the main
k-prime condition occurs in a truncated manner, i.e., using only small primes. More precisely,
ẼF (n) is the number of primes p ∈ I such that

I′ : n has k distinct prime divisors q1, . . . , qk ≤ y such that qi ≡ 1 (mod pei), and qi ̸≡ 1
(mod pei+1) for every i ∈ {1, . . . , k}. Further, there are no other primes q ≤ y
congruent to 1 (mod p) dividing n besides these q1, . . . , qk.

The goal of this section is to show that replacing EF (n) by ẼF (n) introduces only a
negligible error.

Lemma 3.1. For all large x,∑
n≤x

∣∣∣EF (n)− ẼF (n)
∣∣∣ = O

(
x

(log2 x)
r−k−1(log3 x)

r

)
,

where r = e1 + · · ·+ ek.

Proof. Let EF (n) be the set of primes p counted by EF (n). Thus p ∈ EF (n) if and only
if p satisfies one of the structural conditions (I), (II), or (III) above. Similarly, let ẼF (n) be
the set of primes p ∈ I counted by ẼF (n). Thus

EF (n) = #EF (n), ẼF (n) = #ẼF (n).
Put

∆(n) =
∣∣∣EF (n)− ẼF (n)

∣∣∣ .
Then it follows that

∆(n) ≤ #
(
EF (n) −̇ ẼF (n)

)
,

where −̇ denotes the symmetric difference. Therefore, in order to prove Lemma 3.1, it is
enough to appropriately bound the sum∑

n≤x

#
(
EF (n) −̇ ẼF (n)

)
.

Hence we will focus on counting the primes that are included in one of the two sets but
not the other. There are six possible ways this can happen.

Bad cases coming from EF (n) \ ẼF (n). First suppose that p ∈ EF (n) \ ẼF (n). Then p
gives a genuine Sylow subgroup of type F , but it is not counted by the truncated function
ẼF (n). This can occur in one of the following four ways.

Case 1. The prime p satisfies the condition (I), but lies outside the chosen interval I
(p ≤ z1 or p > z2).

Case 2. The prime p satisfies condition (II).
Case 3. The exceptional p = 2 condition (III) occurs.
Case 4. The prime p ∈ I satisfies condition (I), but at least one of the required primes is

too large. In other words, for some i, qi > y = x1/(2 log3 x).
Bad cases coming from ẼF (n) \ EF (n). Now suppose that p ∈ ẼF (n) \ EF (n). Then

p ∈ I satisfies the truncated condition I′ defining ẼF (n), but it does not give a Sylow subgroup
of type F . This can happen in either of the following two ways.

Case 5. The truncated condition I′ holds, but there is an additional large prime divisor
qk+1 > y of n such that qk+1 ≡ 1 (mod p). This extra prime contributes an additional
p-component and therefore prevents the Sylow p-subgroup from being isomorphic to F .

Case 6. The truncated condition I′ holds, but p2 | n. Again, this changes the structure of
the Sylow p-subgroup, so p is counted by ẼF (n) but not by EF (n).
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Let ∆j(n) denote the number of primes p satisfying Case j. Then

∆(n) ≤
6∑

j=1

∆j(n).

It remains to estimate the total contribution of these six cases.
Auxiliary notation. For a prime p and a positive integer Q, write

Mp(Q) = #

{
m ≤ x

Q
: no prime divisor q | m satisfies q ≡ 1 (mod p)

}
and

M̃p(Q) = #

{
m ≤ x

Q
: m is free of prime factors q ≤ y with q ≡ 1 (mod p)

}
.

This notation will be used repeatedly: the integer Q records the forced prime divisors of n,
while m records the remaining part of n, which is required to have no further prime divisor
congruent to 1 (mod p).

Estimate for Case 1. Let Q1(p) be the set of integers Q formed as products of powers
of k distinct primes q1, . . . , qk ≤ x, where qi ≡ 1 (mod pei) for each i ∈ {1, . . . , k}. The sum∑

n≤x

∆1(n)

is the number of pairs (n, p) where p is a prime with p ≤ z1 or p > z2, and n ≤ x satisfies the
condition (I) for p. For each fixed p, each corresponding n has the form Qm, where Q ∈ Q1(p)
and m is not divisible by any prime congruent to 1 (mod p). Therefore,∑

n≤x

∆1(n) ≪
∑
p≤z1

∑
Q∈Q1(p)

Mp(Q) +
∑
p>z2

∑
Q∈Q1(p)

Mp(Q).

For p ≤ z1, we split the sum according as Q ≤ x1/2 or Q > x1/2. If Q ≤ x1/2, then
Lemma 2.2 gives

Mp(Q) ≪ x

Q

∏
q≤x/Q

q≡1 (mod p)

(
1− 1

q

)
≪ x

Q
exp

 ∑
q≤ x

Q

q≡1 (mod p)

log

(
1− 1

q

) .(1)

Using the facts that log
(
1− 1

q

)
= −1

q +O
(

1
q2

)
, and that

∑
q

1
q2

≪ 1, we have that

exp

 ∑
q≤ x

Q

q≡1 (mod p)

log

(
1− 1

q

)≪ exp

−
∑
q≤ x

Q

q≡1 (mod p)

1

q

 .(2)

Substituting (2) into (1), we obtain

Mp(Q) ≪ x

Q
exp

−
∑
q≤ x

Q

q≡1 (mod p)

1

q

 .
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Using Lemma 2.3, along with the facts that x
Q ≥ x

1
2 and p ≤ log2 x/ log ((log2 x)

r)), this
becomes

Mp(Q) ≪ x

Q
exp

(
−
log2(

x
Q)

p
+O

(
log(2p)

p

))
≪ x

Q(log2 x)
r
.

Also, for fixed p, taking into account that 1
qi
+ 1

q2i
+ · · · = 1

qi−1 ≪ 1
qi

, applying the Brun–
Titchmarsh inequality, which can be found in [14, p. 83, thm. 4.16], together with partial
summation, we have

∑
Q∈Q1(p)

1

Q
≤

 ∑
q1≤x

q1≡1 (mod pe1 )

(
1

q1
+

1

q21
+ · · ·

) · · ·

 ∑
qk≤x

qk≡1 (mod pek )

(
1

qk
+

1

q2k
+ · · ·

)(3)

≪
k∏

i=1

log2 x

pei

≪ (log2 x)
k

pr
.

Since r > 1, the sum
∑
p≤z1

1

pr
is bounded above by an absolute constant. Thus,

∑
p≤z1

∑
Q≤x1/2

Q∈Q1(p)

Mp(Q) ≪ x
∑
p≤z1

(log2 x)
k

pr(log2 x)
r
≪ x

(log2 x)
r−k

.(4)

We now focus on the case when Q > x1/2. To evaluate the double sum corresponding to
(4) in this case, we use Landau’s bound on the number of integers with a given number of
prime factors found in [5, p. 491, thm. 437]. This double sum gives

∑
p≤z1

∑
Q>x1/2

Q∈Q1(p)

Mp(Q) ≪
∑
p≤z1

∑
m≤x

1
2

q|m→q ̸≡1 (mod p)

x(log2(
x
m))k−1

m log( x
m)

≪
∑
p≤z1

∑
m≤x

1
2

q|m→q ̸≡1 (mod p)

x(log2 x)
k−1

m log(x)
.

We have
(5)

∑
m≤x

1
2

q|m→q ̸≡1 (mod p)

1

m
≪

∏
q≤x

q ̸≡1 (mod p)

(
1 +

1

q
+

1

q2
+ · · ·

)
≪

∏
q≤x

(
1 +

1

q
+

1

q2
+ · · ·

)
∏
q≤x

q≡1 (mod p)

(
1 +

1

q
+

1

q2
+ · · ·

) .
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The numerator in the last term of expression (5) is O(log x) by Mertens’ third theorem. To
estimate the denominator in expression (5), using elementary estimates, we have

∏
q≤x

q≡1 (mod p)

(
1 +

1

q
+

1

q2
+ · · ·

)
= exp

−
∑
q≤x

q≡1 (mod p)

log

(
1− 1

q

)

≫ exp

 ∑
q≤x

q≡1 (mod p)

1

q


≫ exp

(
log2 x

p

)
≫ (log2 x)

r.

Then, ∑
m≤x

1
2

q|m→q ̸≡1 (mod p)

x(log2 x)
k−1

m log x
≪
(
x(log2 x)

k−1

log x

)(
log x

(log2 x)
r

)
≪ x

(log2 x)
r+1−k

.

Then, summing over all p ≤ z1, we have∑
p≤z1

∑
Q>x1/2

Q∈Q1(p)

Mp(Q) ≪ x

(log2 x)
r−k

.

For p > z2, the trivial bound Mp(Q) ≤ x/Q together with the result of equation (3) gives∑
p>z2

∑
Q∈Q1(p)

Mp(Q) ≪ x(log2 x)
k
∑
p>z2

1

pr
≪ x

(log2 x)
r−k−1(log3 x)

r
.

Thus ∑
n≤x

∆1(n) ≪
x

(log2 x)
r−k−1(log3 x)

r
.

Estimate for Case 2. In this case n contains a factor pei+1 for some i ∈ {1, . . . , k},
together with k − 1 auxiliary primes. Let Q2(p) denote the corresponding set of forced factors
Q. Then∑

n≤x

∆2(n) ≪
∑
p≤z1

∑
Q≤x

1
2

Q∈Q2(p)

Mp(Q) +
∑
p≤z1

∑
Q>x

1
2

Q∈Q2(p)

Mp(Q) +
∑
p>z1

∑
Q∈Q2(p)

Mp(Q).

In the same way as in equation (4), and taking into account the factor pei+1 in Q, we
obtain

∑
p≤z1

∑
Q≤x

1
2

Q∈Q2(p)

Mp(Q) ≪ x
∑
p≤z1

(log2 x)
k−1

pr+1(log2 x)
r
≪ x

(log2 x)
r−k+1

and using Landau’s bound, as in Case 1, it follows that∑
p≤z1

∑
Q>x

1
2

Q∈Q2(p)

Mp(Q) ≪ x

(log2 x)
r−k

.
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For p > z1, we have∑
p>z1

∑
Q∈Q2(p)

Mp(Q) ≪
∑
p>z1

∑
Q∈Q2(p)

x

Q
≪
∑
p>z1

x
(log2 x)

k−1

pr+1
≪ x(log3 x)

r−1

(log2 x)
r+1−k

,

and hence ∑
n≤x

∆2(n) ≪
x

(log2 x)
r−k

.

This is negligible compared with the claimed error term.
Estimate for Case 3. This is the exceptional case p = 2. The integers n counted by

∆3(n) are of the form n = 2ei+2Q for some i ∈ {1, . . . , k − 1} and Q is a product of powers of
k − 2 distinct odd primes. For k ≥ 3, Landau’s bound for the number of integers less than x
having exactly k − 2 distinct prime factors gives∑

n≤x

∆3(n) ≪
x(log2 x)

k−3

log x
.

For k = 2, there are no odd prime factors in Q, and hence the contribution is O(1).
Estimate for Case 4. Here p ∈ I, but one of the required primes qi is larger than y. Let

Q4(p) be the set of the corresponding forced factors. Then∑
n≤x

∆4(n) ≪
∑
p∈I

∑
Q∈Q4(p)

Mp(Q) ≪
∑
p∈I

∑
Q∈Q4(p)

x

Q
.

For each integer counted in Case 4, choose an index i such that qi > y. For j ̸= i, we have∑
qj≤x

qj≡1 (mod pej )

1

qj
≪ log2 x

pej
,

while the chosen large prime factor contributes∑
y<qi≤x

qi≡1 (mod pei )

1

qi
≪ log4 x

pei
.

Here we have applied the Brun–Titchmarsh inequality and partial summation to estimate the
sum over qi. Hence

∑
Q∈Q4(p)

1

Q
≪ (log2 x)

k−1 log4 x

pr
.

Since z1 < p ≤ z2 for every p ∈ I, replacing 1/pr by its upper bound 1/zr1 and summing over
all primes p ≤ z2 gives

∑
n≤x

∆4(n) ≪ x
∑
p∈I

(log2 x)
k−1 log4 x

pr
≪ x

∑
p≤z2

(log3 x)
r log4 x

(log2 x)
r−k+1

≪ x(log3 x)
r+1

(log2 x)
r−k

.

Estimate for Case 5. Here the main k-prime configuration occurs, and it is also truncated
(q1, . . . , qk ≤ y), but there is an additional large prime qk+1 satisfying

qk+1 > y, qk+1 ≡ 1 (mod p).

Let Q5(p) be the set of corresponding forced factors. Then,∑
n≤x

∆5(n) ≪
∑
p∈I

∑
Q∈Q5(p)

M̃p(Q) ≪
∑
p>z1

∑
Q∈Q5(p)

x

Q
.
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Similarly to Case 4, for a fixed prime p, we have∑
Q∈Q5(p)

1

Q
≪ (log2 x)

k log4 x

pr+1
.

Since

z1 =
log2 x

log((log2 x)
r)
,

this gives

∑
n≤x

∆5(n) ≪ x
log4 x(log3 x)

r−1

(log2 x)
r−k

≪ x

(log2 x)
r−k−1(log3 x)

r
.

Estimate for Case 6. Finally, suppose the truncated k-prime condition holds but p2 | n.
We proceed as in Case 1, but now we obtain an additional factor 1

p2
, yielding

∑
n≤x

∆6(n) ≪ x
∑
p∈I

(log2 x)
k

pr+2
≪ x

(log2 x)
r−k

.

Combining the six estimates, we obtain

∑
n≤x

∣∣∣EF (n)− ẼF (n)
∣∣∣ ≤ 6∑

j=1

∑
n≤x

∆j(n) ≪
x

(log2 x)
r−k−1(log3 x)

r
.

This proves Lemma 3.1. □

4. Proof of Theorem 1.1

Proof. By Lemma 3.1, it is enough to prove that

#{n ≤ x : ẼF (n) > 0} ∼ (r − 2)!

|A1|! · · · |Ae1 |!
· x

log3 x (log2 x)
r−k−1

,(6)

where r = e1 + · · ·+ ek and Aα = {i ∈ {1, . . . , k} : ei = α}.
For every nonnegative integer a, we have

2a− a2 ≤ 1a>0 ≤ a.

Applying this with a = ẼF (n) and summing over n ≤ x, we obtain∑
n≤x

(
2ẼF (n)− ẼF (n)

2
)
≤ #{n ≤ x : ẼF (n) > 0} ≤

∑
n≤x

ẼF (n).

Thus, (6) follows from the next two lemmas.

Lemma 4.1. As x → ∞,

1

x

∑
n≤x

ẼF (n) = (1 + o(1))
(r − 2)!

|A1|! · · · |Ae1 |!
· 1

log3 x (log2 x)
r−k−1

,

where r = e1 + · · ·+ ek and Aα = {i ∈ {1, . . . , k} : ei = α}.

Lemma 4.2. As x → ∞,

1

x

∑
n≤x

ẼF (n)
2 = (1 + o(1))

(r − 2)!

|A1|! · · · |Ae1 |!
· 1

log3 x (log2 x)
r−k−1

,

where r = e1 + · · ·+ ek and Aα = {i ∈ {1, . . . , k} : ei = α}.
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Proof of Lemma 4.1. For a prime p ∈ I and i ∈ {1, . . . , k}, define

Q(p, i) =
{
q ≤ y : with q ≡ 1 (mod pei) and q ̸≡ 1 (mod pei+1)

}
.

Let Np(x) denote the number of integers n ≤ x for which there exist k distinct primes
q1, . . . , qk ≤ y dividing n, with qi ∈ Q(p, i) for every i ∈ {1, . . . , k}, and such that no other
prime q ≤ y dividing n is congruent to 1 (mod p). By the definition of ẼF (n),∑

n≤x

ẼF (n) =
∑
p∈I

Np(x).

Each integer n counted by Np(x) satisfies the following condition.

* The integer n may be written as n = Qm, where Q = qa11 · · · qakk , with ai ≥ 1,
the primes q1, . . . , qk are distinct and satisfy qi ∈ Q(p, i) for all i ∈ {1, . . . , k}, and
m ≤ x/Q is not divisible by any prime q ≤ y with q ≡ 1 (mod p).

We partition the integers Q into squarefree and non-squarefree ones. Define the set of products
given by

Q6(p) = {q1q2 · · · qk : qi ∈ Q(p, i), with q1, . . . , qk distinct} ,

and let Q7(p) be the corresponding set of products qa11 · · · qakk for which at least one exponent
ai is greater than 1. Then,

1

x

∑
p∈I

Np(x) =
1

x

∑
p∈I

Q∈Q6(p)

#

m ≤ x

Q
: gcd

m,
∏
q′≤y

q′≡1 (mod p)

q′

 = 1

(7)

+
1

x

∑
p∈I

Q∈Q7(p)

#

m ≤ x

Q
: gcd

m,
∏
q′≤y

q′≡1 (mod p)

q′

 = 1

 .

The contribution from the second summand on the right-hand side of equation (7) is
negligible. Indeed,

1

x

∑
p∈I

Q∈Q7(p)

#

m ≤ x

Q
: gcd

m,
∏
q′≤y

q′≡1 (mod p)

q′

 = 1

≪
∑
p∈I

∑
Q∈Q7(p)

1

Q
≪ (log3 x)

r+1

(log2 x)
r−k

.(8)

To see this, suppose, for example, that a1 ≥ 2. Since
∞∑
i=2

1

qij
≪ 1

q2j
and

∞∑
i=1

1

qij
≪ 1

qj
for all

primes qj , it follows, taking into account that 1
q1

< 1
p and applying Lemma 2.3 that

∑
q1≤y

q1≡1 (mod pe1 )

∞∑
a1=2

1

qa11
≪

∑
q1≤y

q1≡1 (mod pe1 )

1

q21
≪

∑
q1≤y

q1≡1 (mod pe1 )

1

pq1
≪ log2 x

pe1+1
,

whereas, for j ≥ 2, ∑
qj≤y

qj≡1 (mod pej )

∞∑
aj=1

1

q
aj
j

≪
∑
qj≤y

qj≡1 (mod pej )

1

qj
≪ log2 x

pej
.
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Then,

∑
Q∈Q7(p)

1

Q
≪

∑
q1≤y

q1≡1 (mod pe1 )

( ∞∑
i=2

1

qi1

) ∑
q2≤y

q2≡1 (mod pe2 )

( ∞∑
i=1

1

qi2

)
· · ·

∑
qk≤y

qk≡1 (mod pek )

( ∞∑
i=1

1

qik

)

≪ (log2 x)
k

pr+1
.

The same argument applies when any other exponent ai exceeds 1. Summing over p ∈ I gives
(8).

It remains to estimate the squarefree contribution. For Q ∈ Q6(p), we have Q ≤ yk, and
hence log(x/Q)

log y ≥ 2 log3 x− k. The Fundamental Lemma of Sieve Theory therefore gives

#

m ≤ x

Q
: gcd

m,
∏
q′≤y

q′≡1 (mod p)

q′

 = 1

 =
x

Q

∏
q≤y

q≡1 (mod p)

(
1− 1

q

)(
1 +O

(
1

log2 x

))

=
x

Q
exp

−
∑
q≤y

q≡1 (mod p)

1

q

(1 +O

(
1

log2 x

))
.

We used above the fact that log
(
1− 1

q

)
= −1

q + O
(

1
q2

)
, and that

∑
q≡1 (mod p)

1
q2

<∑
q>p

1
q2

≪ 1
p log p ≪ 1

log2 x
. By Lemma 2.3,

∑
q≤y

q≡1 (mod p)

1

q
=

log2 x

p
+O

(
(log3 x)

2

log2 x

)

for p ∈ I. Then,

#

m ≤ x

Q
: gcd

m,
∏
q′≤y

q′≡1 (mod p)

q′

 = 1

 =
x

Q
exp

(
− log2 x

p

)(
1 +O

(
(log3 x)

2

log2 x

))
.

(9)

We next estimate the sum of 1/Q over the Q’s of interest that are squarefree. We are going
to use the factor C = |A1|! · · · |Ae1 |! with Aα = {i ∈ {1, . . . , k} : ei = α} to account for
permutations among the indices i having the same exponent ei. Then,

∑
Q∈Q6(p)

1

Q
=

1

C

∑
q1∈Q(p,1)

· · ·

 ∑
qk−1∈Q(p,k−1)

qk−1 /∈{q1,...,qk−2}

 ∑
qk∈Q(p,k)

qk /∈{q1,...,qk−1}

1

q1 · · · qk



 .
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For the innermost sum, we have∑
qk∈Q(p,k)

qk /∈{q1,...,qk−1}

1

q1 · · · qk

=
1

q1 · · · qk−1


∑
qk≤y

qk≡1 (mod pek )

1

qk
−

∑
qk≤y

qk≡1 (mod pek+1)
qk /∈{q1,...,qk−1}

1

qk
−

∑
qk≤y

qk≡1 (mod pek )
qk∈{q1,...,qk−1}

1

qk


=

1

q1 · · · qk−1

(
log2 x

pek
+O

(
log(2pek)

φ(pek)
+

log2 x

pek+1
+

k − 1

pek

))
=

1

q1 · · · qk−1

(
log2 x

pek
+O

(
(log3 x)

ek+1

(log2 x)
ek

))
.

Applying the same procedure to the remaining sums, we obtain the following estimate:∑
Q∈Q6(p)

1

Q
=

1

C

(
log2 x

pe1
+O

(
(log3 x)

e1+1

(log2 x)
e1

))
· · ·
(
log2 x

pek
+O

(
(log3 x)

ek+1

(log2 x)
ek

))
.(10)

Since e1 ≥ · · · ≥ ek, the error term in the last factor is of order greater than or equal to the
error terms in the preceding factors. Moreover, in each factor the main term is of higher order
than its corresponding error term. To estimate the error arising from the product, for each
j ∈ {1, . . . , k}, the contribution obtained by taking the error term in the j-th factor and the
main terms in all the remaining factors is

≪ (log3 x)
ej+1

(log2 x)
ej

(log2 x)
k−1

pr−ej
.

Since p ≫ log2 x
log3 x

, each such contribution is

≪ (log3 x)
r+1

(log2 x)
r+1−k

.

The terms involving two or more error factors are of smaller order. Therefore,∑
Q∈Q6(p)

1

Q
=

1

C

(log2 x)
k

pr
+O

(
(log3 x)

r+1

(log2 x)
r+1−k

)
.(11)

Combining (9)–(11), we find that

1

x

∑
n≤x

ẼF (n) =
1

C

∑
p∈I

(log2 x)
k

pr
exp

(
− log2 x

p

)
+O

(
(log3 x)

r+2

(log2 x)
r−k

)
.(12)

By Lemma 4.3 stated below, we have

∑
p∈I

(log2 x)
k

pr
exp

(
− log2 x

p

)
= (1 + o(1))

(r − 2)!

log3 x (log2 x)
r−k−1

.

Substituting this expression into (12) completes the proof of Lemma 4.1. □

Lemma 4.3. For any fixed integer s ≥ 2 and any fixed c > 0,∑
p∈I

(log2 x)
c

ps
exp

(
− log2 x

p

)
= (1 + o(1))

(s− 2)!

log3 x (log2 x)
s−c−1 .
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Proof of Lemma 4.3. Write π(t) =
∫ t
2

dz
log z + E(t), where E(t) ≪ t

(log t)A
for any A and

all t ≥ 2. Summing by parts, we have

(13)
∑
p∈I

(log2 x)
c

ps
exp

(
− log2 x

p

)
=

∫ z2

z1

(log2 x)
c

ts
exp

(
− log2 x

t

)
1

log t
dt

+

∫ z2

z1

(log2 x)
c

ts
exp

(
− log2 x

t

)
dE(t).

For the second integral, we have∫ z2

z1

(log2 x)
c

ts
exp

(
− log2 x

t

)
dE(t) = E(t)

(log2 x)
c

ts
exp

(
− log2 x

t

)∣∣∣∣z2
z1

−
∫ z2

z1

E(t)

(
d

dt

(
(log2 x)

c

ts
exp

(
− log2 x

t

)))
dt,

which is bounded by

sup
t∈I

|E(t)|
(
|f(z1)|+ |f(z2)|+

∫ z2

z1

|f ′(t)| dt
)
,

where

f(t) =
(log2 x)

c

ts
exp

(
− log2 x

t

)
.

Since

f ′(t) = f(t)
log2 x− st

t2
,

the function f is increasing up to t = log2 x/s and decreasing thereafter. Hence∫ z2

z1

|f ′(t)| dt ≪ max
z1≤t≤z2

f(t) ≪ (log2 x)
c−s.

Therefore, ∫ z2

z1

(log2 x)
c

ts
exp

(
− log2 x

t

)
dE(t) ≪ 1

(log2 x)
s−c−1(log3 x)

A
.

The first integral on the right-hand side of equation (13) is equal to

1 + o(1)

log3 x

∫ z2

z1

(log2 x)
c

ts
exp

(
− log2 x

t

)
dt.

We recognize the integrand in the latter integral as the derivative of

(s− 2)!

(log2 x)
s−c−1

(
s−2∑
i=0

1

i!

(
log2 x

t

)i
)
exp

(
− log2 x

t

)
.

The contribution at the upper endpoint is

(s− 2)!

(log2 x)
s−c−1 (1 + o(1)) ,

whereas the contribution at the lower endpoint is negligible. Consequently,∑
p∈I

(log2 x)
c

ps
exp

(
− log2 x

p

)
= (1 + o(1))

(s− 2)!

log3 x (log2 x)
s−c−1 .(14)

□
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Proof of Lemma 4.2. For p ∈ I, let I(p) denote the condition that there exist k distinct
primes {q1, . . . , qk} dividing n with qi ∈ Q(p, i) for all i ∈ {1, . . . , k} and there are no other
primes q ≤ y congruent to 1 (mod p) dividing n besides these q1, . . . , qk. To ease notation, we
denote

Np1,p2(x) =
∑
n≤x

1I(p1)(n) · 1I(p2)(n).

Therefore, ∑
n≤x

(ẼF (n))
2 =

∑
p1,p2∈I

Np1,p2(x).(15)

We split the sum in (15) into its diagonal and off-diagonal parts. For the diagonal terms,
where p1 = p2 = p, we have

Np,p(x) = Np(x).

Hence, by Lemma 4.1,

1

x

∑
p∈I

Np,p(x) = (1 + o(1))
(r − 2)!

C

1

log3 x (log2 x)
r−k−1

.(16)

We now consider the off-diagonal terms. We will show that∑
p1,p2∈I
p1 ̸=p2

Np1,p2(x) = o

(
x

log3 x (log2 x)
r−k−1

)
.(17)

Fix distinct primes p1, p2 ∈ I. We distinguish two types of integers counted by Np1,p2(x). We
say that n is of the first kind (with respect to p1 and p2) if it satisfies the following:

* The integer n has a factorization n = QLm, where Q = qa11 · · · qakk , and L =

ℓb11 · · · ℓbkk , and these satisfy the congruence patterns

qi ≡ 1 (mod pei1 ), qi ̸≡ 1 (mod pei+1
1 ), qi ̸≡ 1 (mod p2),

and

ℓi ≡ 1 (mod pei2 ), ℓi ̸≡ 1 (mod pei+1
2 ), ℓi ̸≡ 1 (mod p1).

In addition, m is free of prime factors q ≤ y satisfying
q ≡ 1 (mod p1) or q ≡ 1 (mod p2).

All remaining integers counted by Np1,p2(x) are said to be of the second kind. Every such
integer is divisible by a prime q ≤ y satisfying q ≡ 1 (mod p1p2). We first estimate the integers
of the first kind. As in the proof of Lemma 4.1, the contribution from terms in which at least
one prime factor of Q or L appears with exponent greater than 1 is o

(
x

log3 x(log2 x)
r−k−1

)
. We

may therefore restrict our attention to the squarefree products Q = q1 · · · qk, L = ℓ1 · · · ℓk.
Define

Q8(p1, p2) =

{
q1 · · · qk :

q1, . . . , qk are distinct, qi ∈ Q(p1, i)
qi ̸≡ 1 (mod p2) for every i

}
,

and

M̃p1,p2(QL) = #

{
m ≤ x

QL
:

m is free of prime factors q ≤ y with
q ≡ 1 (mod p1) or q ≡ 1 (mod p2)

}
.

Thus, the contribution of the integers of the first kind to
∑

p1,p2∈I Np1,p2(x) is

≪
∑

p1,p2∈I

∑
Q∈Q8(p1,p2)
L∈Q8(p2,p1)

M̃p1,p2(QL).
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Since QL ≤ y2k, the sieve estimate applies. We obtain that the quantity

M̃p1,p2(QL) =
x

QL

∏
q≤y

q≡1 (mod p1)
or q≡1 (mod p2)

(
1− 1

q

)(
1 +O

(
1

log2 x

))

=
x

QL
exp

−
∑
q≤y

q≡1 (mod p1)
or q≡1 (mod p2)

1

q


(
1 +O

(
1

log2 x

))
.

By Lemma 2.3,∑
q≤y

q≡1 (mod p1)
or q≡1 (mod p2)

1

q
=

log2 x

p1 − 1
+

log2 x

p2 − 1
− log2 x

(p1 − 1)(p2 − 1)
+O

(
log3 x

p1
+

log3 x

p2

)

=
log2 x

p1
+

log2 x

p2
+O

(
(log3 x)

2

log2 x

)
.

Then,

M̃p1,p2(QL) =
x

QL
exp

(
− log2 x

p1

)
exp

(
− log2 x

p2

)(
1 +O

(
(log3 x)

2

log2 x

))
.

Using Lemma 2.3,

∑
Q∈Q8(p1,p2)
L∈Q8(p2,p1)

1

QL

≪

 ∑
q1≤y

q1≡1 (mod p
e1
1 )

1

q1
· · ·

∑
qk≤y

qk≡1 (mod p
ek
1 )

1

qk


 ∑

ℓ1≤y
ℓ1≡1 (mod p

e1
2 )

1

ℓ1
· · ·

∑
ℓk≤y

ℓk≡1 (mod p
ek
2 )

1

ℓk


≪ (log2(x))

k

pr1

(log2(x))
k

pr2
.

Summing over the primes p1, p2 ∈ I and using Lemma 4.3, we find that the total contribution
from integers of the first kind is

≪ x

∑
p∈I

(log2 x)
k

pr
exp

(
− log2 x

p

)2

≪ x

(log3 x)
2 (log2 x)

2(r−k−1)
.(18)

Since r > k, the last term in (18) is

o

(
x

log3 x (log2 x)
r−k−1

)
.

It remains to estimate the integers of the second kind. If n is of the second kind with
respect to p1 and p2, then n is divisible by at least one prime q ≤ y satisfying q ≡ 1 (mod p1p2).
On the other hand, n has exactly k distinct prime divisors q1, . . . , qk ≤ y that are congruent
to 1 modulo p1 and exactly k distinct prime divisors ℓ1, . . . , ℓk ≤ y that are congruent to 1
modulo p2. Consequently, any prime q ≡ 1 (mod p1p2) dividing n must coincide with one of
the qi and, at the same time, with one of the ℓj ; that is, q = qi = ℓj for some i, j ∈ {1, . . . , k}.
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Furthermore, by the definition of integers of the second kind, qi ≡ 1 (mod pei1 ) and ℓj ≡ 1

(mod p
ej
2 ). Hence, q ≡ 1 (mod pei1 ) and q ≡ 1 (mod p

ej
2 ) for some i, j ∈ {1, . . . , k}. The

prime q need not be unique; there may be several primes with these properties. This motivates
the introduction of two index sets B1 and B2. The set B1 records the indices i of the primes qi
that are also congruent to 1 (mod p2), whereas B2 records the corresponding indices j in the
family ℓ1, . . . , ℓk. These sets allow us to describe the general form of an integer n of the second
kind with respect to p1 and p2. Let B1, B2 be nonempty subsets of {1, . . . , k} having the same
cardinality, say |B1| = |B2| = b ≥ 1. Consider a bijection f from B1 to B2. We denote by
Nf

p1,p2(x) the set of second-kind integers admitting a decomposition of the form n = mQL,
where the following conditions hold:

1. The integer m is free of prime factors q ≤ y such that q ≡ 1 (mod p1) or q ≡ 1
(mod p2).

2. The integer Q is a product of powers of the k distinct primes q1, . . . , qk ≤ y, satisfying
qi ≡ 1 (mod pei1 ) and qi ̸≡ 1 (mod pei+1

1 ) for all i ∈ {1, . . . , k}. Additionally, qi ≡ 1

(mod p
ef(i)
2 ) and qi ̸≡ 1 (mod p

ef(i)+1

2 ) for all i ∈ B1, and qi ̸≡ 1 (mod p2) for all
i ∈ {1, . . . , k} \B1.

3. The integer L is a product of powers of the k − b distinct primes {ℓi}i∈{1,...,k}\B2
,

where ℓi ≤ y, ℓi ≡ 1 (mod pei2 ) and ℓi ̸≡ 1 (mod pei+1
2 ) for all i ∈ {1, . . . , k} \ B2.

Furthermore, ℓi ̸≡ 1 (mod p1) for all i ∈ {1, . . . , k} \ B2. When b = k, we use the
convention L = 1.

Thus, the shared primes are included only in Q, whereas L contains the k − b remaining
primes associated with p2. Consequently, gcd(Q,L) = 1. Each shared prime qi with i ∈ B1

introduces an additional congruence condition involving both p1 and p2. For each i ∈ B1,
set gi = ef(i). We define Qf (p1, p2) to be the set of integers Q satisfying condition (2), and
Lf (p1, p2) to be the set of integers L satisfying condition (3). Then,

∑
p1,p2∈I
p1 ̸=p2

#Nf
p1,p2(x) ≤

∑
p1,p2∈I
p1 ̸=p2

Q∈Qf (p1,p2)
L∈Lf (p1,p2)

#


m ≤ x

QL
: gcd

m,
∏
q≤y

q≡1 (mod p1) or
q≡1 (mod p2)

q

 = 1


≪

∑
p1,p2∈I
p1 ̸=p2

Q∈Qf (p1,p2)
L∈Lf (p1,p2)

x

QL
.
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A similar argument to that used in (3) yields the bound∑
Q∈Qf (p1,p2)
L∈Lf (p1,p2)

1

QL

≪
∏
i∈B1

 ∑
qi≤y

qi≡1 (mod p
ei
1 p

gi
2 )

1

qi

 ∏
i∈{1,...,k}\B1

 ∑
qi≤y

qi≡1 (mod p
ei
1 )

1

qi

 ∏
i∈{1,...,k}\B2

 ∑
ℓi≤y

ℓi≡1 (mod p
ei
2 )

1

ℓi


≪
∏
i∈B1

(
log2 x

pei1 p
gi
2

) ∏
i∈{1,...,k}\B1

(
log2 x

pei1

) ∏
i∈{1,...,k}\B2

(
log2 x

pei2

)

≪ (log2 x)
2k−b

pr1p
r
2

.

Since p1, p2 ≫ log2 x
log3 x

, summing over p1, p2 ∈ I yields∑
p1,p2∈I
p1 ̸=p2

#Nf
p1,p2(x) ≪

x(log3 x)
2r

(log2 x)
2r−2k−2+b

.

Since r > k and b ≥ 1, it follows that∑
p1,p2∈I
p1 ̸=p2

#Nf
p1,p2(x) = o

(
x

log3 x (log2 x)
r−k−1

)
.(19)

There are only finitely many pairs (B1, B2) and, for each such pair, finitely many bijections
f : B1 → B2. Moreover, every integer n of the second kind belongs to a set Nf

p1,p2(x) for some
bijection f : B1 → B2 and some distinct primes p1, p2. Hence, the total contribution from
integers of the second kind is also

o

(
x

log3 x (log2 x)
r−k−1

)
.(20)

Combining (18) and (20) proves (17). Together with the diagonal estimate (16), this
establishes Lemma 4.2. □

Consequently, taking into account the discussion at the beginning of the proof, this
completes the proof of Theorem 1.1.
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