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Abstract
A factoriangular number is a number of the form Ft, = T, + n!, where T,, =
n(n+1)/2 is the nth triangular number. We show that the set of n < z such that F't,,
is perfect has counting function at most z°M as z — 0.

1 Introduction

For positive integers n, let Ft,, = T,, + n!, where T,, = n(n + 1)/2, be the nth factoriangular
(the sum between the nth triangular number and the factorial of n). These numbers were
first studied in [2], where several conjectures concerning them appear. For example, it was
asked if 2 = F't;, F'ts =5 and Fty = 34 are the only factoriangular numbers which are also
Fibonacci numbers. This was confirmed in [3]. A different conjecture from [2] concerning
factoriangular numbers which are members of the Pell sequence was confirmed in [4]. In [2],
it was also asked to prove that F't,, is never perfect; that is, equal to the sum of its proper
divisors. While we cannot prove that, we prove the following theorem.

Theorem 1. The number of n < x such that F't,, is perfect is at most 2.

Our result is similar to Wirsing’s theorem [6] concerning the count of perfect numbers
n < x which states that this count is at most z°) for # — co. In Wirsing’s result, the
quantity o(1) in the exponent stands for a function of order O(1/loglogx). As the reader
will see, in our theorem the o(1) can be taken to have this same order.

2 The proof

If n > 6 and n + 1 is not prime, then n + 1 | n!. Indeed, writing n + 1 = ab with a < b, we
have that if @ < b then a and b < (n+ 1)/2 < n are distinct positive integers less than n so
n+1=ab|n!l If a=b=+/n+1, then a, 2a < n are distinct positive integers less than n,
so again n + 1 = a? | n!. Thus, T,, divides n!, so also Ft,, except when n + 1 is prime.
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Lemma 1. Ft, is not perfect if n + 1 is prime.

Proof. One checks by hand that this is so for n = 1,2. Let p =n + 1 > 5 be prime. Then
n=p—1and
(p—1)

Ft, = 5 (p+2(p—2)1.

Note that every prime factor dividing p+ 2(p — 2)! must be larger than p (indeed, p does not
divide p 4+ 2(p — 2)! and if ¢ < p, then ¢ < p — 2 so ¢ divides 2(p — 2)! but not p). If Ft, is
perfect then o((p—1)/2) < p—1, since (p—1)/2 is a proper divisor of F't,. But o((p—1)/2)
divides

0 (7%1) o+ 2p — 2)1) = 0(Ft,) = 2Pt = (p— 1)(p + 2(p — 2))

and being smaller than p — 1 is coprime to the factor p + 2(p — 2)!. The only possibility is
o((p—1)/2) = (p — 1)/2, which is false. O
From now on, we assume that n > 6 and n + 1 is not prime, so n 4+ 1 | n!. Since n + 1

is coprime to n, so that n + 1 divides (n — 1)!, M,, appearing below is an (odd) integer. We
write 5 N .

(n—1)! _ n(n + )Mn

n+1 2
We take a look at the prime factors of M,,.

Ft,=1T, <1+

Lemma 2. Assume n is sufficiently large. All prime factors of M, are larger than n except
when (n+1)/2 = q is a prime in which case q | M,, but all other prime factors of M, are
larger than n.

Proof. We first show that if ¢ < n — 1 is prime and ¢ # ”TH, then

2(n —1)!
n+1

, (0)

so that ¢ { M,. The relation (0) is immediate if n is odd: In that case, ¢® | (n — 1),
which is equivalent to @D Suppose now that n is even. We may assume that ¢ | n + 1,
since (0) is obvious otherwise. Then ¢ < (n + 1)/3, so that ¢* | ¢-2¢ | (n — 1)l. So in
order for @ to fail, we must have ¢* || n + 1 for an integer ¥ > 2. Then ¢ < v/n + 1 and
k < log(n + 1)/log3 < n'/® (recalling that n is large for all of this). But then ¢, 2¢, ...,
(k + 1)q are all at most n — 1, so that ¢"™ | (n — 1)!, implying that (0] holds.

If nis odd and (n 4+ 1)/2 = ¢ is prime, then n = 2¢ — 1 and

q |

My=1+(q—-Dl¢g+1)---(2¢=2)=1+(¢—1)¢—2)! (modq)=0 (mod gq)
by Wilson’s theorem. Finally, Wilson’s theorem again implies that if n = p, then

2(p—1)

!
M,=1+ P =1-—2 (modp)=-1 (mod p)

is not a multiple of p. Hence, every prime factor of M, is larger than n except when
(n+1)/2 = q is prime case in which also ¢ | M,,. O
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Lemma 3. We have

o(M,) loglogn
=1 —_ .
M, o ( logn

Proof. We have M, < n™ for n > 3. Let w(m) be the number of distinct prime factors of m.
Since w(m) < (14 o(1))logm/loglogm for m — oo, we have that w(M,,) < 2n holds for all
large enough values of n. Let p; < ps < --- < pg be all the prime factors of M,,. Write

k

M, = Hp;”

=1

We have

a%@:ﬁ@#..ﬁ):exp(i(gﬁo(;?))). )

i=1

By Lemma 2, we have either p; > n or p; = (n + 1)/2 and ps > n. We also have that
w(M,) < 2n holds for large n. By the prime number theorem, the interval (n,3nlogn)
contains 7(3nlogn) — w(n) > 2n primes for large n. This shows that for large n we have

2Gro) et 2, 00)

n<p<3nlogn

1
< loglog(3nlogn) — loglogn + O < >
logn

1
= log(logn + log(3logn)) — loglogn + O ( )
logn
<0 <loglogn> ‘ @)

logn

In the above, we used the Mertens estimate
1 1

Z— =loglogt+x+ O <1—>

pl ogt

valid for all ¢ > 2 with some constant k. The result follows by inserting (2) into (1). O
We are now ready to address the case when (n + 1)/2 = ¢ is prime.

Lemma 4. For all large enough n, it is impossible for (n +1)/2 = q to be prime and Ft,
to be perfect.

Proof. Suppose n is large, that ”T“ = ¢ is prime, and that F't, is perfect. Then

Ft, = n(q¢M,),



where every prime factor of ¢ M, is either ¢ or larger than n. Note that n is coprime to ¢M,,.
Since F't, is perfect and n | F't,, we get that o(n) < 2n is a divisor of 2ngM,,. Assume first
that o(n) is prime. Then n = p® for some odd prime p. Thus,

a(n)< n._p <§

n S p-1-2

so, by Lemma 3, we get

o(Ft,) on)o(gM,) o(n)o(q)o(M,) 3 loglogn
2= Ft, T qM, = n q M, §§(1+O(W)>’ 3)

which is false for large n. Assume next that o(n) is not prime. It then follows that all prime
factors of o(n) are at most n. Hence, o(n) | 2ng®, where ¢° is the highest power of ¢ in ¢M,,.
Hence, o(n) = ¢*\ where 0 < ¢t < s and \ is a divisor of 2n. The case t = 0 is impossible
since it leads to o(n) being a divisor of 2n which is in the interval (n,2n), which does not
exist. The case t > 1 is also impossible, as then o(n) > ¢*> > 2n. Finally suppose ¢t = 1.
Then 2n > o(n) = A% > n, forcing A € {2,3}. Thus, o(n)/n < (3/2) + O(1/n), and we
get again a contradiction as in (3). O

From now on, we may assume that (n + 1)/2 is not prime. Thus
Ftn = TnMTw

where all prime factors of M,, exceed n and (recalling that n + 1 is not prime) all prime
factors of T,, are at most n.

Lemma 5. F't,, cannot be an even perfect number.

Proof. One checks directly that no F't,, is perfect when n < 6, so we may assume that n > 6.
If n+ 1 is prime, then Ft, is not perfect (Lemma . Otherwise, as explained after Lemma
[, our Ft, is of the form

T,M,,

where M,, is odd. But even perfect numbers are of the form 2°~! P, where P = 2P —1 is prime.
If F't, is even perfect, then T,, = 2P~! is a power of 2, which is impossible for n > 2. O

Remark 1. The fact that a factoriangular number is not even perfect was also noted by
Toulia Baoulina in [1].

From now on, we assume that Ft, is an odd perfect number. By a result of Euler, it
must be of the form quw?, where ¢ is a prime. Thus,

Ft,=T,M, = qwz.
It follows that either ¢ | T), or q | M,.

Lemma 6. The number of positive integers n < x such that F't, is odd perfect of the form
qu? where q is a prime dividing M, is O(log ).
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Proof. Since T, and M,, are relatively prime, in this case T}, = v?, for some divisor v of w.
We get
(2n+1)* —2(2v)* = 1.

Thus, 2n + 1 = P, for some index m, where (P,,, Q) = (P, Q) is the mth solution of the
Pell equation P? —2Q? = +1. We have (P;,Q,) = (1,1) and

P, +V2Q,, = (1 +V2)™
Since n < z, it follows that P,, < 2z + 1, which leads to m = O(log z). ]

From now on, we assume that q | T}, so T,, = qu?® for some divisor u of w. We write

n—+1 n
Tn: s 1)=
n( 5 ) (n+ )2

according to whether n is odd or even, respectively. If n is even, then o(n/2) < n and if n is
odd then o((n+1)/2) <n+1,s0 o((n+1)/2) <n. So, o(n/2) for even n and o((n+1)/2)
for odd n have all prime factors at most n. If o(n + 1) (for n even) or o(n) (for n odd) is
not a prime number, then all prime factors of o(n+ 1) (for n even) and o(n) (for n odd) are
also at most n. In either of these cases, o(n(n+ 1)/2) has all prime factors at most n. Since
o(n(n+1)/2) divides o(T,,M,) = n(n + 1)M,, we get that o(n(n + 1)/2) divides n(n + 1).
But n(n+1)/2 < o(n(n+1)/2) < n(n + 1), so this is impossible. Hence, it must be that
when n is even we have o(n + 1) is a prime and when n is odd we have that o(n) is a prime.
Thus, either n + 1 or n equal p® for some odd prime p such that o(p®) = (p**' —1)/(p — 1)
is prime. Further, a must be even otherwise (p®*! —1)/(p — 1) is a multiple of p + 1 so it
cannot be prime. Hence, we have either

n+1=p* n/2=qui, whenn=0 (mod 2),

or
n = p%, (n+1)/2=qu%, whenn =1 (mod 2),

where in both cases u = u;p®/2. The case n even leads to
s n p*—1
U, = — = s
quy 9 9

which is not possible since « is even, so p* =1 (mod 4), therefore the right-hand side above
is even. Thus, n = p® where p is an odd prime.
We need one more lemma.

Lemma 7. Let q; be the smallest prime factor of ™ "H). Then q; < (logn)?/3 for large n.

Proof. Let £ = w(n(n + 1)/2) and write ¢4 < ¢ < --- < ¢, for all the prime factors of
n(n + 1)/2. Note that ¢ > 2 since p and ¢ are among these primes. Write

14

n—|—1 H

=1



Assume ¢, > (logn)?3. Then
o(Ft,) o(T,)o(M,)

Ft, T, M,
¢
Ty ) (o ()
j=1 q;’ ogn
1 1 loglogn)>
—° —+0|— 14+0 (=221 ) . A
v (; (%' <Q?))>< ( logn (4)

Since T, < 2n?, it follows that ¢ < 3logn/loglogn for large n. By the prime number
theorem, the interval ((logn)??,4logn) contains

3.5logn 3logn

m(4logn) — m((logn)*?) > — (logn)?? > >/

log logn log logn

primes for n sufficiently large. This shows that

)DETD DR

(logn)?/3<g<dlogn

1
— loglog(4logn) — loglog((logn)*?) + O (w)

— log(3/2) + O (;) : (5)

log logn

Inserting (5) into (4), we get

1 loglogn 3 1
< [ e o — -
2% exp (10g(3/2) o (loglogn)) (1 o ( logn )) 2 " © <10glogn) ’

which is false for large n. O
We now put everything together using arguments of Pollack [5] and Wirsing [6].

Theorem 2. The number of n < x such that the factoriangular F't, is perfect is at most
,I‘O(l/ log log x) '

Proof. From the previous arguments, we get that aside from the family of positive integers n
arising as 2n + 1 = P,, for some m, where (P,,, @,,) is the mth solution to the Pell equation
P? — 2Q? = +1, which has a counting function of size O(log x), all the other potential n’s
have n = p* for some odd prime p and even number «. Note that if p is known, then
a = O(logz). Thus, once we know p, we just multiply the number of choices for p by a
factor of logx and get a bound on the number of such possible n’s.

From the last paragraph, we may assume that p > (logx)*?. Now let B be the largest
divisor of n(n +1)/2 composed of primes not exceeding (log x)*®. Then B divides (n +1)/2
and Lemma [7] gives us that B > 1. Since the exponent on each prime dividing B is at most
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log z/log 2 while 7((logz)??) < (logz)??, the number of possibilities for B is bounded

b b
above by -
1+ logx < xO(l/loglogm)'
log 2

We put B; = B and proceed to define a sequence By, Bo, Bs, ... inductively. Assume

By, ..., Bs have already been selected, where
1 1)/2
By || Bs| n;L , each w(B;)>1i, andeach gecd (Bi, %) =1 (6)

Since B > 1 is a proper divisor of the perfect number Ft,, we have that Bs; < o(B;) < 2B;.
Hence, o(By) 1 2B;, and there is a prime appearing in o(By) to a higher power than in 2B;.
Let gsy1 be the least such prime. If ¢s11 = p, we terminate the B-sequence with By, ..., B;.

If gs11 # p, we continue as follows. We know that o(B;) divides o(F't,) = n(n + 1)M,,.
But o(Bs) < 2B; < n+ 1, so that every prime factor of o(Bs) is smaller than every prime
factor of M,,. Hence,

1)/2
o(Bs) divides n(n+1)=2B,-p*- %

Since ¢s.1 appears to a higher power in o(Bs) than in 2By, and ¢s;1 # p, we must have that

Gs11 divides %. Then ¢s11 1 Bs and ¢s11 | (n+1)/2. Let qf_ﬁl be the highest power of

¢s+1 occurring in (n+1)/2 and set Bgyq := Bsquﬁl. Then (6) holds with s replaced by s+ 1.

Let By, Bs, ..., By be the full list of terms of the B-sequence. Necessarily, ¢t < w((n+1)/2).
According to the condition of termination, p | o(B;). Since o(B;) < x, given B, there are
O(log ) choices for p and (by the comments at the start of the proof) O((logz)?) choices
for n. To count the number of possibilities for

By = Bqy - q/",

observe that B; is determined by B and the exponent sequence (3, fs, ..., ;. (The point
is that B, determines gs11, and ¢s1 along with (s, determines B,.;. This maneuver is
central in both [5] and [6].) We saw earlier that there are x0/1081°8%) choices for B. Since

((log x)2/3)52+-~+ﬂt < qu . qtﬂt <,

the exponent sequence fs, ..., 3; has sum

Byt < {3 log x J:

2 loglog x

But the number of (possibly empty) sequences of positive integers with sum at most S is
29 = pO0/loglogz) ~ Thyg there are x00/1981082) pogsibilities for B, and (after absorbing
bounded powers of log z) also for n. This finishes the proof. O

Remark 2. This paper was prepared for publication from Florian Luca’s original manuscript.
P.P. checked the mathematical details, made corrections, and rewrote various components.
ChatGPT 5.6 was used to audit the arguments, but all the mathematics in this paper was
human-generated.
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Appendix by Sawian Jaidee: Report on the original
manuscript

2.1 General Assessment

The manuscript studies factoriangular numbers
Ft, =1, +n!,

where T,, = n(n + 1)/2, and seeks to prove that the number of indices n < z for which
Ft, is a perfect number is at most x@Uoglogloge/loglogz)  The topic is interesting and fits
naturally into the literature on perfect numbers, factorial-type sequences, and Diophantine
properties of factoriangular numbers. The proposed theorem would be a meaningful partial
result toward the conjecture that no factoriangular number is perfect.

However, the current proof contains several substantial gaps, incorrect statements, sign
errors, and unjustified divisibility arguments. Some of these appear repairable, but others
occur at central points of the proof, particularly Lemma 4 and the final Pollack-type counting
argument. Consequently, the main theorem is not established in the manuscript’s present
form.


https://www.researchgate.net/post/Is-there-a-factoriangular-number-sum-of-corresponding-factorial-and-triangular-number-that-is-a-perfect-number
https://www.researchgate.net/post/Is-there-a-factoriangular-number-sum-of-corresponding-factorial-and-triangular-number-that-is-a-perfect-number
https://www.researchgate.net/post/Is-there-a-factoriangular-number-sum-of-corresponding-factorial-and-triangular-number-that-is-a-perfect-number

2.2

Detailed Comments

e Lemma 1: Contains an incorrect divisibility conclusion. Even if it were correct, it

2.3

may be repairable. There is also a notation error where o(p — 1) appears instead of

o((p—1)/2).

Lemma 6: The Pell equation has the wrong sign. If T, = v, then n(n +1)/2 = v%.
Consequently,
(2n+1)* - 2(2v)* =1,

not —1. The manuscript displays
(2n +1)% —2(20)* = —1.

This also reverses the parity condition on the index of the Pell solutions. All solutions
are

Qm + \/§Pm _ (1 + \/5)2m+1'

Check this carefully. The desired O(log ) counting conclusion should still follow after
correction, but the statement and proof of the lemma are presently incorrect.

Lemma 2, Lemma 4, Lemma 5, Lemma 7 and Theorem 2: Recheck the proofs
carefully.

Language and notation: The manuscript would benefit from a thorough revision.
For example, F,,, F, , and Fi(n) are used inconsistently.

Strengths

Despite the above issues, the manuscript has several strengths:

1.

2.

The central problem is natural and appears to be previously unresolved.
The factorization F,, = T,,M,, is useful.

The observation that prime factors of M, are generally larger than n is potentially
powerful.

The estimate o(M,)/M, = 1+ o(1) is an appropriate tool for excluding various con-
figurations.

The division into even and odd perfect numbers is natural.
The Pell-equation reduction gives an efficient count in one branch.

A Pollack-style recursive divisor argument is a promising route to a subpolynomial
estimate.
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